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What is performance
benchmarking ?



Performance Benchmarking : Definition and interest

• Performance Benchmarking is mostly related to efficiency
evaluation of decision making units (DMUs). Basically it is
"the systematic comparison of the performance of one firm
against other firms".

• DMUs can be firms or organizations (private, public) in pursue of
multiple objectives and which use multiple inputs to produce
several outputs.

• Benchmarking is a powerful management tool that can help in
documenting good practices. It is one of the most used tools
over the last decade (Bogetoft et Otto, 2011 ;
Bogetoft, 2013).

• Objectives : Learning / Coordination / Motivation
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Performance Benchmarking : Traditional tools

Key performance indicators (KPIs)

KPIs are mainly well known for financial accounts. For instance :

• Return on assets (net income/total assets)

• Gross margin (gross profit/net sales)

• Debt ratio (total liabilities/total assets)

KPI : often the ratio of an output to an input (productivity ratios).
For instance in agriculture we have for example :

• Revenue/Worker

• Production/Hectare

• Production/Livestock Unit 3



Performance Benchmarking : Traditional tools

Using KPI, Farm No2 is the most efficient (highest slope) and the-
reby the benchmark. 4



Performance Benchmarking : Limits of the traditional tools

Constant Returns to Scale
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Performance Benchmarking : Limits of the traditional tools

Partial productivity ratios
In the multi-input and multi-output case, several ratios can be com-
puted. Depending on the ratio different DMUs can be the most
productive. For instance one can consider :

• Output/Labor

• Output/Capital

Due to their partiality, KPIs do not account for substitution effect
(e.g. substitution between capital and labor) and then DMUs are
compared to non-feasible, over-optimistic ideals (see next figure).
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Performance Benchmarking : Limits of the traditional tools
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Performance Benchmarking : Limits of the traditional tools

The Fox Paradox
This paradox states that a DMU might have the best KPIs and being
overall inefficient. To illustrate this paradox we take the example of
two hospitals with two activities each : cure and preventive/care
(see Bogetoft et Otto (2011, p.10)). The next table presents
the costs per activity and per hospital :

Hospital Cure UC Care UC Total UC

1 10
20 = 0.50 10

40 = 0.25 20
60 = 0.33

2 2
3 = 0.66 21

80 = 0.26 23
83 = 0.29
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Performance Benchmarking : Modern tools

Definition of a production technology

• Production possibilities set

Ψ(z) = {(x,q) | x can produce q in environment z}

• Output sets

P (x, z) = {q | x can produce q in environment z}

• Input sets

L(q, z) = {x | x can produce q in environment z}
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Performance Benchmarking : Modern tools

O’Donnell (2018) :

The z variables represent all the factors that are physically involved

in the production process but not under the control of the managers.

They should not be confused with characteristics of markets or ins-

titutional environments. The latter variables influence input-output

combinations that managers choose.
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Performance Benchmarking : Modern tools

Definition of a production frontier (1)
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Performance Benchmarking : Modern tools

Definition of a production frontier (2)
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Performance Benchmarking : Modern tools

Definition of a production frontier (3)
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Performance Benchmarking : Modern tools

Modern performance benchmarking tools approximate the produc-
tion frontier in order to assess efficiency by using mathematical pro-
gramming techniques.

Modern performance benchmarking tools fall into two paradigms :

• Non-parametric approaches (data envelopment analysis -
DEA, free disposal hull - FDH) which use mathematical
programming and mostly linear programming.

• Parametric approaches (stochastic frontier analysis - SFA)
which requires the specification of a functional form
(Cobb-Douglas, Translog, Quadratic · · · )
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Performance Benchmarking : Modern tools

There is a recent paradigm which tries to combine the virtues of

the two aforementioned paradigms. Semiparametric approaches

which includes StoNED (Stochastic Nonparametric Envelopment

of Data), · · ·
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Data Envelopment Analysis - DEA



DEA - Introduction

Productivity and Efficiency

• Productivity : ratio of output to input

Output

Input

• Efficiency :
• Maximizing output given input : Output efficiency

• Minimizing input given output : Input efficiency

Efficiency is considered here as a relative concept (rather than
absolute) : for instance can be comprise betweew 0 and 1.
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DEA - Introduction

One Input - One Output

Example : DMUs characterized by labor (employees) and sales (Behr,
2016)

Table 1

B is the best DMUs and all the others are inefficient (Highest slope :
see next figure for the "efficient frontier" representation).
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DEA - Introduction

18



DEA - Introduction

Efficiency can be evaluated by

0 ≤ Sales/Empl. of others
Sales/Empl. of B ≤ 1 (1)

An advantage of using (1) is that it is invariant to the units of

measurement compared to the ratio computed in Table 1.

What assumption do we make here in terms of returns to
scale ?
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DEA - Introduction

Question : How to improve the efficiency of DMU A ? Graphically
(Cooper, Seiford et Tone, 2007)
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DEA - Introduction

Two Inputs - One Output

Example : DMUs characterized by labor (employees), floor area and
sales (Behr, 2016)
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DEA - Introduction
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DEA - Introduction

Basically the idea of DEA is to construct piecewise linear produc-
tion frontier that envelopes all the observations.

How to assess the efficiency of DMU A ?

23



DEA - Introduction

• Efficiency of point A can be computed as OP
OA ≈ 0.86

• This means that DMU A can potentially reduced both its
inputs by 24% and still produce the same amount of output

• The ratio OP
OA is also referred to as a radial measure of

efficiency

• OP
OA can be viewed as the ratio of two distance measures
(here Euclidian distances)
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DEA - Introduction

One Input - Two Outpus

Example : DMUs characterized by labor (employees), Customers and
sales (Behr, 2016)
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DEA - Introduction
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DEA - Introduction

The radial efficiency of point D can be computed as

OD

OP
= 0.75

• DMU D is producing 25% lower than the potential outputs
that are possible using the same amount of input.

• Practically it is easier to use the reciprocal ratio :

OP

OD
= 1.33

which implies that both outputs can be increased by 33%
using the same level of input.
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DEA - Introduction

• Economists often refer to the previous radial efficiencies as
"technical efficiencies"

• Technical efficiency implies that the proportion of outputs or
inputs is still unchanged

• It is possible to identify inefficiency only for some (not all)
specific outputs. We refer to this type of inefficiency as "mix
inefficiency"which affect the proportion of outputs

• Example DMUs Q and B in the previous figure
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DEA - Multiplier Model

All the previous description was possible because we consider either

one input or one output. In the case of several inputs and several

outputs, Charnes, Cooper et Rhodes (1978) proposed to find

some weights to aggregate the inputs and the outputs such that

Output
Input =

∑
r urqr∑
k vkxk

The weights are chosen such that they maximize the previous ratio
under some constraints

• The weights ur and vk must be positive for all r and k
• The aggregated output must not exceed the aggregated input
for all the observations
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DEA - Multiplier Model

Basically, Charnes, Cooper et Rhodes (1978) proposed to solve
the following program for each DMU o

max
u,v

θ =
∑
r yorur∑
k xoivi

Subject to
∑
r yjrur∑
k xjivi

≤ 1 ∀j = 1, · · · , n

ur ≥ 0 ∀r = 1, · · · , R
vk ≥ 0 ∀k = 1, · · · ,K

This model is also known as the multiplier version of DEA ("CCR"
is also used in the literature)
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DEA - Multiplier Model

The previous model is a fractional program which can be easiliy
linearized (Charnes et Cooper, 1962) and transform into a linear
program :

max
µ,ν

θ =
∑
r

yorµr

Subject to
∑
k

xoiνi = 1

∑
r

yjrµr −
∑
k

xjiνi ≤ 0 ∀j = 1, · · · , n

µr ≥ 0 ∀r = 1, · · · , R
νk ≥ 0 ∀k = 1, · · · ,K
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DEA - Multiplier Model

• A DMU is efficient when θ = 1 and inefficient when θ ≤ 1.

• If DMUo is inefficient there will be some observation(s)
satisfying

E′o =
{
j|
∑
r

yjrµ
∗
r =

∑
k

xjiν
∗
i

}

• E′o represents the peer group of DMUo
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DEA - Envelopment Model

• DEA is classified as a nonparametric approach because it is
only based on some regularity conditions of the production
technology

• Free (strong) disposability : if (x, q) ∈ Ψ and for any (x̄, q̄)
with x̄ ≥ x and q̄ ≤ q then (x̄, q̄) ∈ Ψ

• convexity : any semi-positive linear combinantion of activities
in Ψ belongs to Ψ

• Constant Returns to Scale (CRS)

Using these properties, the production can be defined as :

Ψ = {(x, q)|x ≥ Xλ, q ≤ Qλ,λ ≥ 0}

λ is referred to as intensity (structural) variables
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DEA - Envelopment Model

What is the link with the previous CCR model ?

One of the most important property of Linear programming is known
as duality (Dantzig, 1949). Applying this property to the CCR
model we have :

CCR Multiplier model CCR Envelopment model
maxµ,ν θ = µqo minθ,λ θ

Subject to νxo = 1 Subject to Xλ ≤ θxo
−νX + µQ ≤ 0 Qλ ≥ qo
ν ≥ 0, µ ≥ 0 λ ≥ 0
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DEA - Envelopment Model

• The duality property implies that the two previous model are
equivalent.

• Clearly the envelopment model shows that θ is a measure of
the input technical efficiency

• It is also known as the Farrell input distance function
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DEA - Envelopment Model

Output orientation

CCR Multiplier model CCR Envelopment model
minp,w φ = wwo maxφ,λ φ
Subject to pqo = 1 Subject to Xλ ≤ xo
wX − pQ ≥ 0 Qλ ≥ φqo
w ≥ 0, p ≥ 0 λ ≥ 0

Important : Under CCR model

φ∗ = 1
θ∗
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DEA - Relaxing of RTS

Till now the returns to scale (RTS) that has been considered is CRS.
Several other RTS are possible

CRS (Constant Returns to Scale) vs DRS (Decreasing Returns to
Scale)
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DEA - Relaxing of RTS

IRS (Increasing Returns to Scale) vs VRS (Variable Returns to Scale)
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DEA - Relaxing of RTS

All the previous model can be estimated under VRS known as the
BCC model (Banker, Charnes et Cooper, 1984).

CCR Multiplier model CCR Envelopment model
maxµ,ν θ = µqo + c minθ,λ θ
Subject to νxo = 1 Subject to Xλ ≤ θxo
−νX + µQ+ c ≤ 0 Qλ ≥ qo
ν ≥ 0, µ ≥ 0 eλ = 1
c is unrestricted λ ≥ 0

Different RTS can be imposed in the optimization
Scale efficiency can also be assessed
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DEA - Relaxing the convexity constraint

Free disposal Hull (FDH) (Tulkens, 1993)
Each DMU is benchmarked against an existing DMU
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DEA - Profitability and productivity decomposition

• Profitability

PROF = Revenue

Cost
=
∑
r prqr∑
k wkxk

• Total Factor Productivity (TFP)

TFP = Aggregated Output

Aggregated Input

• The challenge is to find the weights for the aggregation so
that some axioms maybe be satisfied (e.g. price-based
indices : Laspeyres, Paasche, · · · ; non price-based indices :
Malmquist, Färe-Primont, · · · )

41



DEA - Profitability and productivity decomposition

PROF = TT × TFP

where TT is the ratio of aggregated prices known as the term of
trade (O’Donnell, 2018).
TFP change can be decomposed into technical change, efficiency
change, and scale change.
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DEA - Profitability and productivity decomposition
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Libraries in the R Environment



Package Benchmarking

• Several Packages exist to run few DEA models

• FEAR package Wilson (2008)

• Benchmarking Bogetoft et Otto (2011)

• productivity DAKPO et al. (2018), update coming soon ! ! !

• Other packages exist (many of which are not maintained)
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US States agricultural data

• Agricultural data at the state levels (49) over the period 2000
to 2004

• Three outputs : livestock, crop and other

• Four inputs : capital, land, labor, materials

• For all variables quantities and prices are provided
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Efficiency assessment

• For each year compute the input technical efficiency and
decompose it into the pure technical efficiency and the scale
efficiency ?

• Compare the input technical efficiency to the output oriented
technical efficiency ?

• What can you say about the evolution of the average
technical efficiencies ?

• Are the US states cost or revenue efficient ?
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Profitability and productivity assessment

• Using the package productivity assess the components of
profitability using several productivity indices

• What do the components of the Malmquist productivity index
tell you ?

• Färe-Primont productivity index

• Lowe Productivity index

• Fisher productivity index

• Compare the productivity index to the Malmquist index
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Further developments



More aspects on DEA

• Fixed vs Variable inputs/outputs

• Super-Efficiency (for ranking)

• Directional Distance Function (DDF)

• Undesirable outputs in DEA

• There is an abundant number of developments in the
literature
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Modelling pollution generating technologies

• Productive activities are governed by physical laws :
thermodynamics

• In addition to intended outputs, they also generate bad
outputs or residuals (e.g., agriculture and GHG emissions
. . . )

• Bad outputs associated with negative externalities (climate
change, health issues . . . )

• How to account for bad outputs ?

• Reflected in Economics as "materials balance principle"
Generally assumed or required in modelling
pollution-generating technologies
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Modelling pollution generating technologies

• Pollution as input
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Modelling pollution generating technologies

• Pollution as output under the weak disposability assumption
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Modelling pollution generating technologies

• Materials balance principle (iso-environmental lines)
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Modelling pollution generating technologies

• Multiple equations technology
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Multiple equations technology

• Inputs separation : material inputs xM and service inputs xS
(service inputs do not generate pollution)

Ψy = {(xM , xS , y, z)|f(xM , xS , y) ≤ 0}

Ψz = {(xM , xS , y, z)|g(xM , z) ≥ 0}

f and g are both continuously differentiable functions

• Disposability assumptions

fy ≥ 0 ∧ fxM ≤ 0 ∧ fxS ≤ 0

gz ≤ 0 ∧ gxM ≥ 0
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Multiple equations technology : Shadow pricing

Trade-offs estimation

We are interested in determining the trade-offs between the bad out-
put and the good output

(
dy
dz

)
. Let’s consider the following trans-

formation functions
f(xM , xS , y) = 0

g(xM , z) = 0

Using the implicit function theorem, we can derive :

Wz = Py
fy
fxM

gxM

gz

55



Références

Banker, R. D., A. Charnes et W. W. Cooper (1984). « Some
Models for Estimating Technical and Scale Inefficiencies in Data
Envelopment Analysis ». In : Management Science 30.9, p. 1078-
1092. issn : 0025-1909. doi : DOI10.1287/mnsc.30.9.1078.
url : <GotoISI>://WOS:A1984TJ33900004.
Behr, A. (2016). Production and Efficiency Analysis with R.
Springer International Publishing. isbn : 9783319205014. url :
https://books.google.fr/books?id=YZh3rgEACAAJ.
Bogetoft, P (2013). Performance Benchmarking : Measuring
and Managing Performance. isbn : 9781461460435. url : http:
//books.google.fr/books?id=3ZJAAAAAQBAJ.

56

https://doi.org/DOI 10.1287/mnsc.30.9.1078
<Go to ISI>://WOS:A1984TJ33900004
https://books.google.fr/books?id=YZh3rgEACAAJ
http://books.google.fr/books?id=3ZJAAAAAQBAJ
http://books.google.fr/books?id=3ZJAAAAAQBAJ


Bogetoft, P. et L. Otto (2011). Benchmarking with DEA,
SFA, and R. Springer New York. isbn : 9781441979612. url :
http://books.google.fr/books?id=rBiGxrgFk-kC.
Charnes, A. et W. W. Cooper (1962). « Programming with
linear fractional functionals ». In : Naval Research Logistics Quar-
terly 9.3-4, p. 181-186. issn : 00281441 19319193. doi : 10.
1002/nav.3800090303.
Charnes, Abraham, William W Cooper et Edwardo Rhodes
(1978). « Measuring the efficiency of decision making units ».
In : European Journal of Operational Research 2.6, p. 429-444.
issn : 0377-2217.
Cooper, William W, Lawrence M Seiford et Kaoru Tone
(2007). Data envelopment analysis : a comprehensive text with
models, applications, references and DEA-solver software. Sprin-
ger Science Business Media. isbn : 0387452818.

57

http://books.google.fr/books?id=rBiGxrgFk-kC
https://doi.org/10.1002/nav.3800090303
https://doi.org/10.1002/nav.3800090303


Dantzig, George B. (1949). « Programming of Interdependent
Activities : II Mathematical Model ». In : Econometrica 17.3/4,
p. 200-211. issn : 00129682. doi : 10.2307/1905523. url :
http://www.jstor.org/stable/1905523.
O’Donnell, C.J. (2018). Productivity and Efficiency Analysis :
An Economic Approach to Measuring and Explaining Managerial
Performance. Springer Singapore. isbn : 9789811329821. url :
https://books.google.fr/books?id=tR3buwEACAAJ.
Tulkens, H. (1993). « On FDH efficiency analysis : Some me-
thodological issues and applications to retail banking, courts,
and urban transit ». In : Journal of Productivity Analysis 4.1-2,
p. 183-210.

58

https://doi.org/10.2307/1905523
http://www.jstor.org/stable/1905523
https://books.google.fr/books?id=tR3buwEACAAJ


Wilson, Paul W. (2008). « FEAR : A software package for fron-
tier efficiency analysis with R ». In : Socio-Economic Planning
Sciences 42.4, p. 247-254. issn : 00380121. doi : 10.1016/
j.seps.2007.02.001. url : http://www.sciencedirect.
com/science/article/pii/S0038012107000109.
Zhu, Joe (2008). Quantitative Models for Performance Eva-
luation and Benchmarking : Data Envelopment Analysis with
Spreadsheets. Springer. isbn : 9780387859828. url : http :
//books.google.fr/books?id=sbL9nNlF6q8C.

59

https://doi.org/10.1016/j.seps.2007.02.001
https://doi.org/10.1016/j.seps.2007.02.001
http://www.sciencedirect.com/science/article/pii/S0038012107000109
http://www.sciencedirect.com/science/article/pii/S0038012107000109
http://books.google.fr/books?id=sbL9nNlF6q8C
http://books.google.fr/books?id=sbL9nNlF6q8C


Excel Solver

See Zhu (2008)
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